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Introduction, definitions and preliminaries
Let Σ p denote the class of functions of the form:
a n−p z n−p (p ∈ N := {1, 2, 3, . . .}), (1.1) which are analytic in the punctured open unit disk U * := {z : z ∈ C and 0 < |z| < 1} =: U \ {0}. where (λ) n is the Pochhammer symbol defined by (λ) n :=
Corresponding to the function
we consider a linear operator (which is essentially a meromorphically p-modified version of the familiar Dziok-Srivastava linear operator [1, 2] )
defined by the following Hadamard product:
If f ∈ Σ p is given by (1.1), then we have
In order to make the notation simple, we write
It is easily verified from the definition (
In recent years, Liu and Srivastava [3] , Raina and Srivastava [4] , and Aouf [5] 
which was introduced and investigated earlier by Liu and Srivastava [6] , and was further studied in a subsequent investigation by Srivastava et al. [7] . It should also be remarked that the linear operator H q,s p (α 1 ) is a generalization of other linear operators considered in many earlier investigations (see, for example, [8] [9] [10] [11] [12] [13] [14] [15] [16] ).
Let P denote the class of functions of the form:
which are analytic and convex in U and satisfy the following condition:
For two functions f and g, analytic in U, we say that the function f (z) is subordinate to g(z) in U, and write
if there exists a Schwarz function ω(z), which is analytic in U with
Indeed it is known that
Furthermore, if the function g is univalent in U, then we have the following equivalence:
Throughout this paper, we assume that 
For simplicity, we write
Remark 1. In a recent paper, Zou and Wu [17] introduced and investigated a subclass MS * s (α) of Σ consisting of functions which are meromorphically α-starlike with respect to symmetric points and satisfy the following inequality:
where
It is easy to see by setting 
where φ ∈ P and
It is also easy to see by setting 
For simplicity, we write 
Remark 2. In a recent paper, Zou and Wu [18] introduced and investigated a subclass MS * sc (α) of Σ consisting of functions which are meromorphically α-starlike with respect to symmetric conjugate points and satisfy the following inequality:
, then it reduces to the class K p,k (a, c; φ), which was also introduced and studied recently by Srivastava et al. [7] .
Definition 5.
A function f ∈ Σ p is said to be in the class G q,s p (α; α 1 ; φ) if it satisfies the following subordination condition:
is defined as in (1.5), and
is defined as in (1.6), and
In order to establish our main results, we shall also make use of each of the following lemmas.
Lemma 1 (See [19, 20] ). Let β, γ ∈ C. Suppose also that φ(z) is convex and univalent in U with
If p(z) is analytic in U with p(0) = 1, then the following subordination:
implies that [21] ). Let β, γ ∈ C. Suppose that φ(z) is convex and univalent in U with
Lemma 2 (See
Also let
If p(z) ∈ P and satisfies the following subordination:
Proof. Making use of (1.4), we have
Replacing α 1 by α 1 + 1 in (1.9) and (1.10), respectively, we can get
From (1.9) to (1.12), we can get
≺ φ(z) (1.14) (z ∈ U; j ∈ {0, 1, . . . , k − 1}).
By noting that φ(z) is convex and univalent in U, we conclude from (1.13) and (1.14) that the assertion (1.8) of Lemma 3 holds true.
Next, making use of the relationships (1.3) and (1.4), we have
p,k (α; α 1 ; φ) and suppose that
( 1.16) Then ψ(z) is analytic in U and ψ(0) = 1. It follows from (1.15) and (1.16) that
.
( 1.17) From (1.16) and (1.17), we can get 
by means of (1.19) and Lemma 1, we find that
This completes the proof of Lemma 3.
By similarly applying the method of proof of Lemma 3, we can easily get the following results for the classes G 
In the present paper, we aim at proving such results as inclusion relationships, integral representations and convolution properties for each of the following function classes which we have introduced here: The results presented in this paper would provide extensions of those given in a number of earlier works. Several other new results are also obtained as corollaries and consequences of our main results.
A set of inclusion relationships
We first provide some inclusion relationships for the following function classes: 
Then q(z) is analytic in U and q(0) = 1. It follows from (1.3) and (2.1) that
Differentiating both sides of (2.2) with respect to z and using (2.1), we have
3)
It now follows from (1.7), (1.16), (1.17), (2.1) and (2.3) that
by Lemma 3, we have
Thus, by (2.4) and Lemma 2, we find that
The proof of Theorem 1 is evidently completed.
In view of Lemmas 4 and 5, and by similarly applying the method of proof of Theorem 1, we can easily get the following inclusion relationships.
(2.5)
Then p(z) is analytic in U and p(0) = 1. It follows from (1.3) and (2.5) that
Differentiating both sides of (2.6) with respect to z and using (2.5), we have
Furthermore, we suppose that
The remainder of the proof of Theorem 2 is similar to that of Theorem 1. We, therefore, choose to omit the analogous details involved. We thus find that
which implies that f ∈ F q,s p,k (α 1 ; φ). The proof of Theorem 2 is thus completed.
In view of Lemmas 4 and 5, and by similarly applying the method of proof of Theorem 2, we can easily get the following inclusion relationships.
In view of Lemmas 3 to 5, and by similarly applying the methods of proofs of Theorems 1 and 2 obtained by Srivastava et al. [7] , we can also easily get the following inclusion relationships. 
Integral representations
In this section, we prove a number of integral representations associated with the function classes Proof. Suppose that f ∈ F q,s p,k (α 1 ; φ). We observe that the condition (1.7) (with α = 0) can be written as follows: 
